Assignment 2 | Probability Il Utkarsh Bharadwaj

Probability — II: Assignment 2

Indian Statistical Institute, Delhi

Utkarsh Bharadwaj | BSD-BG-2521
October 7, 2026

Exercise 1.

Problem [1 mark]

X is a nonnegative random variable with finite second moment. Show that

E*(X)
(X?)’

P(X >0) >

ss

Solution

Consider the alternative form of the Cauchy-Schwarz inequality
E2(XY) < E(X?)E(Y?).

Let
1 ifX>0

Y —= ]1 =
(x>0} 0 otherwise.

—

This implies E(Y?) = P(X > 0) and E?(XY) = [E?(X) for X > 0. Hence

es

2(X)
(X?)’

P(X >0) > [

ss

—
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Exercise 2.

Problem [1 mark]

We can define a set called { A, e.v.} (Where e.v. is the abbreviation of eventually)
as

{Anev}t=J) Ax

n k>n

Let P{A, e.v.} = 1. Show that P(A,) — 1.

Solution
Given {Ay ev.} = U, N>y Ak Define B, = N>, Ax. Thus

{Ayev.} =B

It is also quite evident that
(@) BIS B C -
(b) B, C A, Vn
— P(Ayev.) = ]P( U Bn> = lim P(B,) =1 (Given)

n—o0
n>1

From (b), we have P(B,) < P(A;)
—  limP(B,) < limP(A,) = limP(A,) >1 = LmP(A4,) =1

= P(A,) — L [
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Exercise 3.

Problem [1 mark]

Consider [—1, 1] as a 1-dimensional dart board, 0 being the bull’s eye. A drunk-
ard is throwing darts at this board hitting the board at any random points (all
points equally likely). After each attempt he gets a prize if he hits within dis-
tance % of the bull’s eye (if it is the n-th attempt). What is the chance that he gets
infinitely many prizes? [Assume infinite life for the guy, but don’t drink to it!]

Solution
Let A, be the event that he gets a prize in the n" attempt.
Length of [—%, ﬂ 2/n 1

P(An) = Length of [-1,1] 2 o

Clearly, Y P(A,) = 2% — 0.

—  From the 2" Borel-Cantelli Lemma, we have P(A,i.0.) = 1.

Exercise 4.

Problem [1 mark]

If X, - X, show that | X N |X|. Prove it directly using the definition (and
not the continuous mapping theorem).

Solution
Given X,, — X. This implies Ve > 0, P(|X, — X| > &) — 0.
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Consider the reverse triangle inequality
[1Xu] = [X]| < [Xn = X].

Thus,
(1% = 1x|| > e} C{1X, = X| > ¢} Ve>o0

— ]P<||Xn|—|X|‘>e)§]P(|Xn—X|>s)—>0
— 1im]P<HXn|—|X||>s>§O:>]P<||Xn|—|X|\>s>—>0 Ve>0

— X, X, =

Exercise 5.

Problem [1 mark]

If X, i) 5, then show that X, L5

Solution
Let X = 5 be a degenerate r.v. Thus, its CDF is

1 ifx>5
0 ifx <5.

Fx(x) is continuous Vx € R\ {5}.

Given X, ’d% 5. Thus, by definition of convergence in distribution,

lim F,(x) = Fx(x) Vx#5

n—o00

where F,(x) = P(X, < x) is the CDF of X,,.
TST:Ve > 0, limP(|X,, — 5| > ¢) = 0.

. P(|Xy—5|>€) = P(Xy > 5+€)+P(Xy < 5—¢)
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— 1mP(|X, -5/ >¢)=1—-1lmF,(5+¢)+1limF,(5—¢)
=1—Fx(5+£)+Fx(5—£)
=1-140=0

= lmP(|X,—-5/>¢)=0 Ve>0

— X,55 m

Exercise 6.

Problem [1 mark]

(DCT) Let (X;,), X be random variables such that X, 2% X and | Xu| <YVne
1

IN for some random variable Y with [E(Y) < oo. Then show that X, L'

Solution

Given X, = X and |X,| < Y a.s. V7. This implies

|X| = lim |X,| <Y as.

n—o0

By triangle inequality, we have
Xy = X| < [Xu| +|X]| <Y+Y=2Y as.

Consider Z, = 2Y — |X,, — X| > 0V #n € IN. Thus, we can apply Fatou’s Lemma

on Z,
E(liminfZ,) < liminfIE(Z,) (D

— liminfZ, =1lim (2Y — |X, — X|) =2Y as.
E(liminfZ,) = 2E(Y)

—  liminfE(Z,) = liminf (2E(Y) — E|X, — X|)
=2E(Y) — limsup E|X,, — X|
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—> From (), we have
2E(Y) <2E(Y) —limsup E|X, — X|
= limsupE|X, — X| <0 = lminfE|X, — X| >0

Thus: )
lim E|X, - X| =0 — X, 25X, |
n—oo

Exercise 7.

Problem [1+1 marks]
1 n
Let (X,) be iid Poi(A). Let Y, = . Y_X;. Show that (Y,) converges almost
1

surely. Find the limit.

Solution

Let W, = X,f V1 < k < n. The Wy are iid because X were iid. By Strong Law of
Large Numbers, if E(|W;|) < co then

1 1 5.
Yy = £ZX,% = ;ZWk == E(Wh) = E(X)).

Thus, Y, —= E(X3).
Now, consider
E(X1) =4, E(Xi(X;1-1)=A> = E(X})=A*+A
E(X1(X; —1)(X; —2)) =A% = E(X3) = A +3E(X?) —2E())
=AM 43240 = Y, A3 4302 F A
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Exercise 8.

Problem [2 marks]

Let X, Xy, . .. be iid with some distribution having finite moments IE(X¥) =
for k = 1,2,3,4. We are interested in the sample CV of Xj, ..., X;:
Sn
CV, = =,
n Xn
where X,, and S% are the sample mean and variance of Xj, ..., X;. Use the mul-
tivariate CLT and delta method to obtain the asymptotic distribution of CV,,.

Solution

Let Tn = ( ) Thus, by multivariate CLT

,X) where X = H2— M M3 — Vlﬂz
M3 —pif 4 — W3

V2 — 1
)=-+——,50%(T,) ~ CV, and

— Define g(t1, t>

1
g(p,2) = — =cv
_H2
— Vg= i%a :ﬁ<_§1ﬂ2> where 0 = /2 — 3.
2110

Thus, by Delta method, we have

Vn (CV, —cv) LN N(0,0%) where 0% = (Vg)'Z(Vg)

2 1 Ho— 43 3 —pap2 ) —2p2
- 0., = -2
“ 4o’ (22 1) M3 — M2 Ha— M i
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2 48— piE — S + pp
4t (2 — p13)

cv
2
Ho— H 413 — 1212 _ 4 2
— Julcv, - YT T 4N (o, 22 #17424 V1#22]43 tHH) g
= 4p (2 — y)




	
	
	
	
	
	
	
	

